We consider gluonic contributions to the heavy flavor Wilson coefficients at 3-loop order in QCD with two heavy quark lines in the asymptotic region Q 2 ≫ m 2 1(2) . Here we report on the complete result in the case of two equal masses m 1 = m 2 for the massive operator matrix element A (3) gg,Q , which contributes to the corresponding heavy flavor transition matrix element in the variable flavor number scheme. Nested finite binomial sums and iterated integrals over square-root valued alphabets emerge in the result for this quantity in N and x-space, respectively. We also present results for the case of two unequal masses for the flavor non-singlet OMEs and on the scalar integrals ic case of A (3) gg,Q , which were calculated without a further approximation. The graphs can be expressed by finite nested binomial sums over generalized harmonic sums, the alphabet of which contains rational letters in the ratio η = m 2 1 /m 2 2 .
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Introduction
Beginning with 3-loop order in QCD the heavy flavor contributions to the deep-inelastic structure functions, such as F 2 (x, Q 2 ), contain Feynman diagrams with two massive quark lines, either of equal or unequal mass. In the asymptotic region of large virtualities Q 2 ≫ m 2 for the former case, calculations of a series of Mellin moments [1] have been performed. It is well-known that the asymptotic picture agrees with the exact one at an accuracy of O(1%) at next-to-leading order for scales Q 2 /m 2 > ∼ 10 for the structure function F 2 (x, Q 2 ) [2] . By now, the complete set of logarithmic contributions [3] is known and the massive Wilson coefficients and/or operator matrix elements (OMEs) L
qg,Q , A
gq,Q [7] , A (3),NS qq,Q [5] , and A (3),PS Qq [6] have been calculated completely. 1 Since the ratio m 2 c /m 2 b ∼ 1/10, with m c and m b the charm and bottom quark masses, is not small, the charm quark cannot be considered massless at the scale µ = m b . Therefore a sequential decoupling of these two heavy quark flavors using the single quark decoupling in the usual variable heavy flavor scheme (VFNS) [1, 8, 9] is not possible 2 . Instead a generalization of the VFNS, decoupling two massive quarks at the same time, is necessary [11] .
In for the contributions containing both charm and bottom-lines [11] [12] [13] using the projection method [1] through which the OMEs are mapped to tadpoles. They have been calculated using the code Q2e/EXP [14] . This required a total computation time of about 1 CPU-year.
In this note we report on recent results on contributions to OMEs containing two massive fermion lines of equal and unequal quark masses. In Section 2 we discuss the contributions of O(α 3 s T 2 F C F(A) ) to the OME A gg,Q in the case of equal masses. The renormalization of the unequal mass case is briefly discussed in Section 3. There we also present results for the massive OME in the flavor non-singlet and transversity cases and for a scalar diagram with unequal masses at general Mellin variable N and arbitrary mass ratio contributing to A gg,Q . Section 4 contains the conclusions.
The
The contributions of O(α 3 s T 2 F C F,A ) to the operator matrix element A gg,Q have been calculated in Ref. [15] . Here the color factors are
and 1 For the notation we refer to Ref. [1] . 2 The value of the decoupling scale in the VFNS is process dependent and usually not the scale of the decoupling heavy quark mass, cf. Ref. [10] .
N c = 3 for QCD. Most of the diagrams have been computed directly using Mellin-Barnes representations and generating function techniques directly, i.e. including the corresponding numerator structures. This led to large amounts of nested sums which were treated with the summation technologies encoded in the package Sigma [16, 17] , based on advanced symbolic summation algorithms in the setting of difference fields [18] [19] [20] [21] [22] [23] [24] [25] [26] , and the packages EvaluateMultiSums, SumProduction [27] , and RhoSum [28] , which are all based on Sigma. In part of the sums we used integration-by-parts reduction applying Reduze2 [29, 30] 3 and calculated the corresponding master integrals using differential equations and also applying Mellin-Barnes techniques.
As a main result of Ref. [15] we present the constant part to the unrenormalized operator matrix element a
. It is finally obtained by the following compact expression
Here we define
and Q i denote polynomials in N, cf. [15] . The equal mass contribution to the massive OME A (3) gg,Q can be described by harmonic sums [33, 34] 
and one inverse binomial sum weighted by a harmonic sum [35] . In x-space the latter sum results in an iterated integral of square root-valued letters, extending the space of functions for contributions to the 3-loop Wilson coefficients having been know so far for the first time.
Scalar Integrals of the O(α 3 s T 2 F ) Contributions to A gg,Q with Two Different Masses
We have calculated all scalar integrals contributing to the OME A gg,Q in case of two different masses both in x-and N-space, without any approximation, like e.g. an expansion in η = m 2 c /m 2 b . We first describe the main steps of the renormalization of these contributions, cf. Ref. [11] for details, present results in the flavor non-singlet case, and finally give an example for the scalar integrals contributing to A (3) gg,Q .
Renormalization
The renormalization of the operator matrix elements with two heavy quark flavors is performed as a generalization of the single mass case in Ref. [1] . Here the sub-set of graphs with two massive fermion lines is considered. It is technically of advantage to treat the equal and different mass cases together. The renormalization of the unequal mass case is then obtained by subtracting the contributions in the equal mass case taken from [1] . The quark mass is either renormalized in the on-shell renormalization scheme or the MS scheme [36] . The factorization relation [2] at large virtualities strictly requires the external legs of the operator matrix elements to be on-shell. Charge renormalization is easiest carried out in a MOM-scheme applying the background field method [37] . Afterwards a finite renormalization to the MS-scheme is performed. The remaining ultraviolet singularities of the composite operators are renormalized via the corresponding Z i j -factors and in a final step the collinear singularities are removed as they are absorbed into the parton distribution functions. In all the quantities, corrections due to the two mass scales m c and m b are emerging. Accordingly one may generalize the VFNS w.r.t. the simultaneous decoupling of both m c and m b , which is needed from 3-loop order onwards, since here graphs with two heavy quark lines contribute. Their mass dependence does not factorize, unlike the case up to 2-loop order.
Operator matrix elements with m
In the case of a general Mellin variable N the 3-loop graphs with two different masses have been calculated for the OME in the non-singlet and transversity cases and for general mass ratios η. Only a few Feynman diagrams contribute in these cases. Here we show the unequal mass contribution to the constant part of the unrenormalized OME, cf. [1] , for the non-singlet and transversity cases 
The N dependence is described by rational contributions and harmonic sums, while for the dependence on the mass-ratio also polylogarithms [38] arise. Next we consider the contributions due to unequal masses for the gluonic operator matrix element A (3) gg,Q . We have obtained the x-and Mellin space representations for all contributing scalar diagrams. The calculation of the Feynman diagrams is performed as follows. The Feynman parameter integrals can be carried out by introducing an intermediary Mellin-Barnes representation [40] . The corresponding sum of residues does usually not converge in the complete integration region for the Feynman parameter integrals. In order to ensure convergence, several transformations of the integrals have to be performed. The integration domain of the final integral is then split into two regions for each of which a convergent sum of residues can be obtained. The sums are solved applying the algorithms encoded in the package Sigma [16, 17] , EvaluateMultiSums and SumProduction [27] . We map the final integral to obtain the form of a Mellin transform
and rewrite the x-space representation f (x) in terms of iterated integrals with argument x by using techniques inspired by [41] . The result cannot be described within the class of hyperlogarithms only, but more general iterated integrals involving square-root valued integration kernels [35] occur, see also [42] . In the corresponding Mellin space expressions, finite nested binomial sums weighted by 2k k ±1 are emerging. Here also the function
is frequently observed.
In a final step we apply the computer algebra package HarmonicSums [43] [44] [45] [46] to generate a difference equation for the Mellin transform of f (x) and solve it by using the packages Sigma, EvaluateMultiSums and SumProduction. As an example we present the N-space result for the diagram in Figure 1 I(N) = (3.8)
where the P i represent different polynomials in the variables N and η. Additionally to harmonic sums [33, 34] , we also observe generalized harmonic sums [45, 47] The real numerator weights are partly rational functions of the ratio η. Furthermore, nested binomial sums over generalized sums contribute [35, 48, 49] . Usually, the expansion of the integrals like I(N) in terms of η ≪ 1 up to a finite order for general values of N is not possible in general. However, if a fixed integer value is chosen for N, the expansion may be performed. Here one obtains the same result as calculating the corresponding moment using the code Q2e/EXP [14] .
Conclusions
We calculated contributions of O(T 2 F C F(A) ) to the gluonic massive operator matrix elements at 3-loop order in QCD from graphs with two massive quark lines, both for equal and unequal heavy quark internal lines 4 . In the calculation of these diagrams the evaluation of Mellin-Barnes integrals usually requires to close the contour either to the left or the right, depending on the value of one of the Feynman parameters. Both in intermediary and the final result, nested finite binomial sums occur, weighted by harmonic sums in the equal mass case. For unequal masses also generalized finite harmonic sums are present, the letters of which are rational expressions of the mass ratio of the two quarks. For general values of the Mellin variable N the expansion in the mass ratio is not straightforward. One is rather advised to deal with the case of general mass ratios. The present summation technologies allow to compute the complete result, however.
